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SUMMARY

Aim: To explorewhether thefirst digit law (FDL) isabided by data sets from biological origin.

Materials and Methods: Data were collected from different sour ces, including gene data length for bacteria, pre-vaccination
measles incidence data and absolute values from human MEG recordings. First digit frequencies wer e computed and compar ed
to predictionsfrom FDL. Simulationsincluded a smple model for two-dimensional epidemics spread and arandomly set upper
bound model aimed to explain the behaviour of MEG data.

Results: We observed that FDL isobeyed in a case of epidemic datareported at a putative focus of spread (pre-vaccination
measlesincidence for Preston, England). However, peculiar departureswere observed for gene length distribution in

microor ganisms, magneto-encephalograms (MEG), and epidemic data pooled from lar ge geogr aphical regions.

Conclusions: Simulation studiesrevealed that averaging data on a scenario of propagating waves can explain some of the
observed distortionsfrom FDL. This could help to understand the behaviour of epidemicsdata. A randomly set upper bound
model (RUBM) can likely explain the observed behaviour of MEG data. Explanation for gene length data behaviour requires
further theoretical work.

KEY WORDS: First digit law, Epidemics, M agnetoencephalogram, Genes.

RESUMEN

Objetivos: Explorar si laley del primer digito (L PD) se cumple en datos de origen biolégico.

Materialesy Métodos. Se analizar on datos tomados de difer entes fuentes que incluian longitud de genes en bacterias, datos de
incidencia de sarampion en la era pre-vacunacion y valores absolutos de MEG registrados en humanos. Las frecuencias de
aparicién del primer digito se comparaban con las prediccionestedricasde la L PD. Serealizaron simulaciones para modelar la
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propagacién bidimensional de una epidemiay un modelo con cota superior aleatoria para explicar la conducta delos datos de
MEG.

Resultados: Se observo quela LPD secumple en el caso de datos de una epidemia reportados desde un presunto sitio de
propagacion (incidencia de sarampidn en la era pre-vacunacion en Preston, Inglaterra). Sin embar go, se aprecian no-
correspondencias peculiares en el caso de la distribucién delalongitud de genes en microor ganismos, magneto-encefalogramas
(MEG) y una epidemia promediada par a una zona geogr afica extensa.

Conclusiones. Estudios de simulacion mostraron que la promediacion de datos en un escenario de ondas que se propagan
pudiera explicar algunas de las distor siones observadas, y esto ayudar ia a comprender las car acter isticas de los datos de
epidemias. Un modelo con limite maximo aleatorio pudiera explicar los datos de MEG. L a consideracién de los datos de longitud
de genesrequierede un trabajo tedrico ulterior.

PALABRASCLAVE: Ley del primer digito, Epidemia, M agnetoencefalograma, Genes.

INTRODUCCION

Thefirst digit law (FDL) or Benford's L aw lingers among the most intriguing mathematical curiositiesl. In 1881 Simon
Newcomb noticed that the first pages of logarithmic tables corresponding to digit " 1" weredirtier than thosefor larger digits.
From this Newcomb concluded that people prefer to use numbersstarting with smaller digits.

An empirical law, based on Newcomb's conclusion that " the first significant digit is oftener 1 than any other digit, and the
frequency diminishesup to 9", was formulated for the probability of a given figureto start with the digit k=1, 2 ...9 asfollows?:

P(k)=log(1+1/k) (*)

Thus, according to (*) the probabilities P(1), P(2), and P(9) ar e, respectively 0.305, 0.17, and 0.045. The law remained unnoticed
for almost 60 years. In 1938 the American physicist F. Benford, again noticing the soiled pages of the logarithmstablein his
university'slibrary, rediscovered thefirst digit’slaw. After rediscovering the relationship between digits, Benford ran testson
mor e than 20,000 entries from about 20 tables of different statistical data3-.

An illustration on how diver se the applicability of thislaw can beisprovided in Tablel, where empirical distributionsfor home
numbersin Havana streets, the ar eas of modern countries aswell asthe fist 1400 numbers of the Fibonacci series are compared
with theoretical predictions.

Fibonacci Areas of Havana Street
Digit Theory Series Countries Numbers
1 0.3010300 0.301480515 0.281385281 | 0.276843487
2 017608126 | 0.176151762 0.207792208 | 0.184893532
3 0.12492788 | 0.124661247 0.103896104 | 012160414
4 0.08651001 0.096883468 0.103896104 | 0.108667529
5 0.07918125 | 0.079268283 0.077922078 | 0.094437257
& 0.06684679 | 0.066385664 0.060806061 | 0.08080207
7 0.05799195 | 0.0575588078 0.060806081 | 0.072445019
8 0.05115252 | 0.052168022 0.047619048 | 0.038808832
9 0.04575749 | 0.045352954 0.056277056 | 0.041397154

Table 1. Theoretical predictions from FDL compared to observed first digit Trequencies
among:  the first 1400 numbers of the Fibonacc series, the areas (in square kilometres) of
modern countries (N=231), and home address numbers for a random sample of 731 entries
taken from Havana Telephone Directory.

An outstanding feature of the expression (*) isitsscaleinvariance. In practical terms, this meansthat the same distribution
would be obtained if country areaswere expressed in square kilometres or square feet aswell.

Unlike other "universal" laws, it ishard to find out a theoretical framework leading to a rational explanation of the law. Recent
attempts based on " Modern Probability Theory" 7 leave open the question of how a strictly deterministic succession, (e. g. the
Fibonacci series) convergesin an apparently exact way into FDL“s predictions (seetablel).
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On the other hand, almost untouched has been the question of the possibility for finding clues predicting whether a data set will
convey to FDL or not.

Thiswork isaimed at exploring first digit distributions with various data sets of biomedical interest. An attempt to provide some
plausible explanation for some of them will also be presented.

MATERIALSAND METHODS

Data: We explored three different data sets: Genelength in published microor ganism genomes, measlesincidence from pre-
vaccination erain England and Wales and magneto-encephalogr aphic (M EG) data from human subjects.

Genelength. The complete genomes from the following species wer e downloaded via " ftp" from the site
ftp://ftp.nchi.nih.gov/genbank/genomes/Bacteria/ Bordetella parapertussis, Aeropyrum pernix, and Bacillus halodurans. A special
" C" program was developed by one of us (CMMO) for estimating each individual gene'slength (in bases). Genelength is
estimated via substraction of initial and final positions of the corresponding base in the DNA molecule. It works specifically for
datain theformat of the NCBI data bases. A total of 10464 genes wer e pooled from the three species.

M easles data. Measlesincidence data for England and Walesfor the period 1944-1966 wer e drawn from Registrar General’s
Weekly Reports, and are dowloadableasa " .txt" file from the site http://asi23.ent.psu.edu/onb1/publ/bcf/data.html. Data were
presented as a 60-column matrix, each column corresponding to one of the 60 cities from England and Wales reported. Columns
correspond to each fortnight starting from the first fortnight of 1944 until thelast fortnight of 1966.

MEG Data. M agneto-encephal ograms from a healthy subject weretaken from an apparently healthy male subject using the
MEG machine at the HSC in Toronto. Absolute values of magnetic field intensity were collected and submitted to further
treatment.

Simulations: First digit distributions wer e generated from two models. One model attempted to emulate the geogr aphic spread
of a"realistic" epidemic from a focus. The second model considered the possible influence of upper bounds on digit distribution.
We call the model Random Upper Bound Model (RUBM)

Epidemic spread model: Weimplemented ssmulations based on the following very smple model for spreading epidemics.

. Beaset of N linearly citieswith identical populations, all evenly located at the nodes of a linear array being*"'-'"— the
distance between neighbouring cities.

. Al oneend of thelinear array, an epidemic may start. Thetime seriesfor incidenceisidentical to that factually observed
for the city of Preston.

. Bethat the epidemics spreadsinto neighbouring cities at a speed equal toﬂ /1. Thismeansthat neighbouring cities
display the sameincidence patter n shifted in time by one time unit (e. g. one fortnight).

RUBM: It seems plausible to explore whether the first digit law is a consequence of the finite nature of real data sets. The RUBM
assumes that natural numbers span from 1 till an upper bound (for example 250); We call the number 250 " upper bound" . For
the case of uniform distribution of probability, number 1 will appear with a probability of 111/250=0.44, number 2 appearswith
61/250= 0,244, etc. RUBM assumes that the upper bound changesrandomly. For each upper bound a number wasrandomly
picked out and 10000 simulations wer e performed for obtaining a frequency distribution histogram.

RESULTSAND DISCUSSION

Genelength data. In figure 1a, first digit frequencies from gene length data for atotal of 10464 genes has been provided.

http://biomed.uninet.edu/2008/n1/caceres.html
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Figure 1-A. Observed first digit frequencies (red) and FDL theoretical probabahities (blue) for gene length data
pocled from the genomes of three microorgenisms. Axes: abscissas- digit; ordinates-relative frequency.

As appreciable, thetheoretical distribution from FDL isunlikely for these data. However, eye inspection suggests a tendency for
the digit 1to bethe most frequent. Other digitsappear in arather uniform pattern.

Measlesdata. In figure 1b, the distribution of first digitsis presented for the sum of data collected from all the 60 England and
Wales cities from the data set. L ess evident than in figure 1a, the tendency to a higher presence of digit 1 compared to other
digitsisstill likely.
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Figure 1-B. Observed first digit frequencies (blue) and FDL theorebical probabihities (red) for measles
incidence data avernged from 60 England and Wales cities taken cvery fortmight (1944- 15%66). Axes: abscissas-
digi; ordinates-relative frequency.
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MEG data. Asfigure 1c reveals, MEG data follow a different pattern, wheredigit " 1" islessfrequent, and digits" 2" and " 3"
aremore frequent than theoretically expected. Unlike other data gene length data and measlesincidence, here we observe a
strict monotonous behaviour that seemsto become well established asthe number of data points exceeds10000.
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Figure 1-C. Observed first digat frequencies and FDL theoretical probaluliies for MEG recording absolute
values. Mumbers in the lepend block commespond to the number of data point taken for relative requency
computation. Axes: abscissas- digil; ordinates- relabive frequency.

Travelling waves and thefirst digit law. In arecent report, Hernandez Caceres et al8 obtained that the port city of Preston wasa
likely forerunner of measles epidemicsin pre-vaccination England. In figure 2 the distribution of digits corresponding to measles
incidence for Preston are presented.
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Figure 2. FDL theoretical probabilities {red), and observed first digit frequencies (blue) for measles incidence
data for Preston, a putative forerunner or focus of cpidemics spread. Axes: abscissas- digit; ordinates- relative
frequency .

If we compar e these results with those of all the 60 cities pooled together, (figure 1b) a better agreement with FDL is suggestive.
Comparison of the two images may provide a clue for the departure from FDL distribution observed for some biological data
sets. Certain epidemics (measlesis an example) behave as propagating waves. |f data collected at an original focus of epidemics
one can expect to have a data set in agreement with FDL.

Collecting data from alarger area meansto obtain a" smeared" picture of more than one wave coexisting in time. In this case,
departuresfrom FDL distribution may be observed. We use a very simple epidemic spread model to put thisideato test.

Even when thismodel may seem very simplistic, without losing generality, some morerealistic situations can be handled by just
changing the algorithm used in our simulations. Thusthe morereliable case of a circularly spreading 2-d epidemic maybe
attained by multiplying adjacent columns of the matrix by a progressively increasing factor, etc.

After carrying out our simulationswe obtained overall valuesfor different lengths of thearray. Then first digit frequencieswere
estimated for the resulting time series.

Figure 3illustrates someresultsfrom our simulations. Asit can be noticed, when arelatively small "area" (N ranging from 1to
3) isconsidered, data arein good agreement with FDL.
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Figure 3. Simulation of first digit distributions for a region where an epidemic 15 spreading. Numbers in the
legend block correspond to the “arca™ taken for data collechon. Axes: abscissas- digil ordinates-relative
frequency.

Asthenumber N increases, the distribution changes dramatically. In particular, an increasein the probability for digit " 1"
takes place. It isnot excluded that more shrewd manipulations of the model can mimic other patterns observed with real data.

Thusour ssimulationsrevealed that the presence of propagating waves can lead to some of the observed peculiarities of digit
distribution with somereal data of biological origin.

In figure4theresult of RUBM simulationsis compared with predictions from FDL aswell aswith real MEG data. Apparently,
MEG data seem to fit better into the scenario with RUBM

http://biomed.uninet.edu/2008/n1/caceres.html
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Figure 4 RUBM Simulation of first digit distributions compared o predictions from FDL and real MEG
recording. Axes: abscissas- digit; ordinates-relative frequency.

In this section wetried to offer reasons supporting theidea that propagating waves presence might lead to the empirical
observationswith epidemicsincidence data. If it would be proven that thisisthe case, the degree of agreement of real data with
FDL could beused asa criterion for homogeneity of data taken from a certain region.

In the case of MEG data, even when the presence of propagating brain wavesis amply documented, the better agreement with a
model of randomly set upper bound might suggest that this mechanism isplaying arole.

At this moment we did not find yet a plausible explanation for the observed distribution of gene lengths. Perhapswe need a
better explanation of what dictates gene length distribution among DNA strands.

Thuswe conclude that some biological data setsdepart from FDL, usually showing high frequenciesfor digits" 1" and/or "2".In
some cases thismight be either a consequence of a wave propagation mechanism or a randomly set upper bound distribution.

Acknowledgements: Authorswish to thank M Sc Sonia Hernandez Camacho for her help in revising the paper.
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Comment of thereviewer Prof. José Maria Eir6s Bouza. MD. PhD. Professor of Microbiology. Faculty of Medicine. University of
Valladolid. Valladolid. Spain.

In the present paper Her ndndez-Céceres et al explore whether thefist digit law (FDL) is abided by data sets from biological
origin. Theinformation that studiesthetopicisdiscordant in several series. Of the originality of the contribution it givesidea the
fact that of the methodology followed by the authors. They gathered information of data from different sour ces, including gene
datalength for bacteria, pre-vaccination measlesincidence data and absolute values from human MEG recordings. First digit
frequencies were computed and compar ed to predictionsfrom FDL.

Simulationsincluded a simple model for two-dimensional epidemics spread and arandomly set upper bound model aimed to
explain the behaviour of MEG data. From my point of view simulation studiesrevealed that averaging data on a scenario of
propagating waves can explain some of the observed distortions from FDL.

Explanation for gene length data behaviour requiresfurther theoretical work. It can be opportune that models wer e developed
by other groupsin thisfield of the scientific area.

Comment of thereviewer Prof. Sorana D. Bolboaca MD. PhD. " luliu Hatieganu" . University of Medicine and Pharmacy Cluj-
Napoca. Cluj. Romania.

Development of communication and information technologies leads to the possibility of sharethe knowledge resulted from
different fields of research. On the other hand, the development of computer s opens new pathwaysin research on all fields.

TheBenford'sLaw statesthat in alist of numbersfrom real-life sour ces of data, the leading digit is 1 and largest numbers
occurs asthe leading digit with less and less frequency asthey grow in magnitude. The concept was introduced by the
astronomer Simon Newcomb in 1881.

The present research applied the Benford's Law on a series of biological data: (1) gene length of Bordetella parapertussis,
Aeropyrum pernix, and Bacillus halodurans; (2) measlesincidence from pre-vaccination erain England; and (3) Wales and
magneto-encephalogr aphic data from human subjects.

This study explained the results obtained by applying the Benford's L aw on the measlesincidence data and magneto-
encephalographic data. The study opensa new pathway in resear ch of genelengthsin order show theway to a plausible
explanation for the observed distribution.
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